1. Introduction {#se0010}
===============

In 2007, Kim and Kim [@br0150] introduced the notion of *BE*-algebras which is another generalization of *BCK*-algebras. According to their definition, an algebra $(X; \ast ,1)$ of type $(2,0)$ is called a *BE*-algebra if$$x \ast x = 1,$$$$x \ast 1 = 1,$$$$1 \ast x = x,$$$$x \ast (y \ast z) = y \ast (x \ast z)$$ for all $x,y,z \in X$. In 2008, Ahn and So [@br0040] introduced the notion of ideals in *BE*-algebras and then stated and proved several characterizations of such ideals. They have shown that if $(X; \ast ,1)$ is a self distributive *BE*-algebra, then $A(x,y)$ is an ideal of *X* for all $x,y \in X$. In 2009, Walendziak [@br0230] introduced the notion of commutative *BE*-algebras. He defined $(X; \ast ,1)$ as a commutative *BE*-algebra with the following properties: $(X; \ast ,1)$ is a *BE*-algebra and $(x \ast y) \ast y = (y \ast x) \ast x$ for all $x,y \in X$. In [@br0050], Ahn and So has studied the generalized upper set in *BE*-algebras. In 2010, Kim, [@br0140] introduced the notion of essence in *BE*-algebras. In 2012, Ahn et al. [@br0030] introduced the notion of terminal sections in *BE*-algebras. In [@br0190], Rezaei and Saeid studied the concept of quotient in commutative *BE*-algebras. Saeid [@br0200] introduced the notion of Smarandache weak *BE*-algebra, *Q*-Smarandache filters and *Q*-Smarandache ideals. He proved that a non empty subset *F* of a *BE*-algebra *X* is a *Q*-Smarandache filter if and only if $A(u,v) \subseteq F$ which $A(u,v)$ is a *Q*-Smarandache upper set. In [@br0130], Jun and Kang introduced the notion of $\mathcal{N}$-ideals in *BE*-algebras. Rezaei and Saeid [@br0180] studied the concept of homomorphisms in *BE*-algebras. In 2013, Saeid et al. [@br0210] introduced and studied implicative filters of *BE*-algebras. In 2014, Radfar et al. [@br0160] introduced the notion of hyper *BE*-algebras which is another generalization of *BE*-algebras. Borzooei et al. [@br0070] studied the concept of bounded and involutory *BE*-algebras. In 2017, Jun and Ahn [@br0120] introduced the notion of $I_{BE}$-energetic subsets in *BE*-algebras. In 2018, Hamidi and Saeid [@br0090] studied the concept of (*BE*-algebras) dual *BCK*-algebras and hyper (*BE*-algebras) dual *K*-algebras. They proved that the (*BE*-algebra) dual *BCK*-algebra is a fundamental (*BE*-algebra) dual *BCK*-algebra.

In 2010, Song et al. [@br0220] introduced concepts of fuzzy ideals of *BE*-algebras. In 2011, Rezaei and Saeid [@br0170] introduced and studied fuzzy subalgebras of *BE*-algebras. In 2013, Dymek and Walendziak [@br0080] introduced concepts of fuzzy filters of *BE*-algebras. In 2015, Abdullaha and Alib [@br0010] introduced concepts of $\mathcal{N}$-fuzzy filters in *BE*-algebras. In 2017, Ahn and Kim [@br0020] introduced concepts of rough fuzzy filters in *BE*-algebras. In 2018, Bandaru et al. [@br0060] introduced concepts of falling fuzzy implicative filters of *BE*-algebras.

The aim of this paper is to extend the concept of *BE*-algebras given by Kim and Kim [@br0150] to the context of $PSRU$-algebras. We introduce the notions of filters, left ideals (right ideal, ideal) and fuzzy filters in $PSRU$-algebras. Some characterizations of left ideals and filters are obtained. The relationship between these notions are stated and proved. Furthermore, we characterize filters in terms of fuzzy filters. It is shown that if *I* be a left ideal of a $PSRU$-algebra *X*, then $I_{x}$ is a left ideal of *X* for all $x \in X$.

2. Results {#se0020}
==========

2.1. The notion and elementary properties of $PSRU$-algebras {#se0030}
------------------------------------------------------------

In this section, we mainly concentrate on the $PSRU$-algebra $(X; \ast ,1)$. We need to extend the *BE*-algebras to the $PSRU$-algebra.

Definition 1Let *X* be non empty set with a constant 1. A $PSRU$**-algebra** is a set $(X; \ast ,1)$ and a binary operation "⁎" satisfying the following axioms:$$x \ast 1 = 1,$$$$x \ast (y \ast z) = y \ast (x \ast z),$$ for all $x,y \in X$.

Example 1Let $X = \left\{ 1,b,c,d,e \right\}$ be a set with the following table:⁎1*bc*d*e*111111*b*1*bbbbc*1*bdecd*1*bcdee*1*becd* By Equations [(5)](#fm0050){ref-type="disp-formula"} and [(6)](#fm0060){ref-type="disp-formula"}, it is easy to know that $(X; \ast ,1)$ is a $PSRU$-algebra.

Remark 1By Equations [(1)](#fm0010){ref-type="disp-formula"}, [(2)](#fm0020){ref-type="disp-formula"}, [(3)](#fm0030){ref-type="disp-formula"} and [(4)](#fm0040){ref-type="disp-formula"}, it is easy to see that every *BE*-algebra is $PSRU$-algebra.

The following example shows that the converse of [Remark 1](#en0030){ref-type="statement"} is not true.

Example 2Let $X = \mathbf{R}$ and the operation "⁎" be defined as follows:$$x \ast y = \begin{cases}
{\frac{y}{x}\ } & {;x,y \notin \left\{ 0 \right\}} \\
{0\ } & {\text{;\ otherwise}.} \\
\end{cases}$$ By Equation [(7)](#fm0070){ref-type="disp-formula"}, it is easy to check that $(X; \ast ,1)$ is a $PSRU$-algebra. Indeed, if $x,y,z \notin \left\{ 0 \right\}$, then$$\begin{array}{rcl}
{x \ast (y \ast z)} & = & {x \ast \left( \frac{z}{y} \right)} \\
 & = & \frac{\left( \frac{z}{y} \right)}{x} \\
 & = & \frac{z}{xy} \\
 & = & \frac{\left( \frac{z}{x} \right)}{y} \\
 & = & {y \ast \frac{z}{x}} \\
 & = & {y \ast (x \ast z).} \\
\end{array}$$ If $x = 0$ or $y = 0$ or $z = 0$, then $x \ast (y \ast z) = 0 = y \ast (x \ast z)$. Notice that $2 \ast 2 = 1 \neq 0$. By Equation [(8)](#fm0080){ref-type="disp-formula"}, $(X; \ast ,0)$ is not a *BE*-algebra.For any $PSRU$-algebra $(X; \ast ,1)$, denote $B(X) = \left\{ x \in X:1 \ast x = x \right\}$ and $E(X) = \left\{ x \in X:x \ast x = 1 \right\}$. Hence a $PSRU$-algebra is a *BE*-algebra if and only if $X = B(X) \cap E(X)$. We give the definition of a filter in a $PSRU$-algebra.

Definition 2Let $(X; \ast ,1)$ be a $PSRU$-algebra. A non empty subset *F* of *X* is called a **filter** if it satisfies:•$1 \in F$,•if $x \ast y \in F$ and $x \in F$, then $y \in F$.

Example 31. Let $X = \left\{ 1,x \right\}$ be a set with the following table:⁎1*x*11*xx*1*x* It is easy to know that $(X; \ast ,1)$ is a $PSRU$-algebra. Then {1} is filter of *X*.2. In [Example 1](#en0020){ref-type="statement"}, *X* is a $PSRU$-algebra *X*. Then {1} is not a filter of *X*, since $c \ast 1 = 1 \in \{ 1\}$ and $1 \in \{ 1,c\}$, but $c \notin \{ 1\}$.

Let $(X; \ast ,1)$ be a $PSRU$-algebra. For any elements $x,y \in X$ and $n \in \mathbf{Z}^{+}$, we use the notation $x^{n} \ast y$ instead of $x \ast (\ldots(x \ast (x \ast y)))\ldots)$ in which *x* occurs *n* times. We give the definition of a upper set (generalized upper set) in a $PSRU$-algebra.

Definition 3Let $(X; \ast ,1)$ be a $PSRU$-algebra and let $x,y \in X$. Define$$U(x,y): = \{ z \in X:x \ast (y \ast z) = 1\}$$$$\left( U^{n}(x,y): = \{ z \in X:x^{n} \ast (y \ast z) = 1\} \right).$$ We call $U(x,y)\left( U^{n}(x,y) \right)$ an **upper set (generalized upper set)** of *x* and *y*.

Remark 2Let $(X; \ast ,1)$ be a $PSRU$-algebra and let $x,y \in X$. By Equations [(9)](#fm0090){ref-type="disp-formula"} and [(10)](#fm0100){ref-type="disp-formula"}, respectively, it is easy to see that $1 \in U(x,y)$ and $1 \in U^{n}(x,y)$.

In what follows let *X* denote a $PSRU$-algebra unless otherwise specified.

Theorem 1*Let X be a* $PSRU$*-algebra and* $n \in \mathbf{Z}^{+}$*. If* $y \in X$ *such that* $y \ast z = 1$ *for all* $z \in X$*, then* $U^{n}(x,y) = X = U^{n}(y,x)$ *for all* $x \in X$*.*

ProofLet $a \in X$. Then $x^{n} \ast (y \ast a) = x^{n} \ast 1 = 1$ and $y^{n} \ast (x \ast a) = y^{n - 1} \ast (y \ast (x \ast a)) = y^{n - 1} \ast 1 = 1$. Hence $U^{n}(x,y) = X = U^{n}(y,x)$.

By [Theorem 1](#en0090){ref-type="statement"}, we have the following.

Corollary 1*Let X be a* $PSRU$*-algebra. If* $y \in X$ *such that* $y \ast z = 1$ *for all* $z \in X$*, then* $U(x,y) = X = U(y,x)$ *for all* $x \in X$*.*

ProofSimilar to the proof of [Theorem 1](#en0090){ref-type="statement"}.

Proposition 1*Let X be a* $PSRU$*-algebra and* $n \in \mathbf{Z}^{+}$*. If F is a filter of X, then* $U^{n}(x,y) \subseteq F$ *for all* $x,y \in F$*.*

ProofSuppose that *F* is a filter of *X* and $x,y \in F$. Let $a \in U^{n}(x,y)$. Then $x^{n} \ast (y \ast a) = 1 \in F$. Since $x,y \in F$, we have $a \in F$. Hence $U^{n}(x,y) \subseteq F$.

By induction we easily obtain.

Corollary 2*Let X be a* $PSRU$*-algebra. If F is a filter of X, then* $U(x,y) \subseteq F$ *for all* $x,y \in F$*.*

ProofSimilar to the proof of [Proposition 1](#en0130){ref-type="statement"}.

We give the definition of a self distributive $PSRU$-algebra. A $PSRU$-algebra $(X; \ast ,1)$ is said to be **self distributive** if $x \ast (y \ast z) = (x \ast y) \ast (x \ast z)$ for all $x,y,z \in X$. An element 1 of *X* is a **left identity** of *X* if $1 \ast x = x$ for all $x \in X$.

In the following we show that any self distributive $PSRU$-algebra with left identity need not be a self distributive *BE*-algebra.

Example 4In [Example 3](#en0060){ref-type="statement"}(1), it is easy to know that $(X; \ast ,1)$ is a self distributive $PSRU$-algebra with left identity. Notice that $x \ast x = x \neq 1$. Therefore $(X; \ast ,1)$ is not a *BE*-algebra.

Let $(X; \ast ,1)$ be a $PSRU$-algebra. We introduce a relation "≤" on *X* by $x \leq y$ if and only if $x \ast y = 1$. Clearly, $x \leq 1$ for all $x \in X$.

Lemma 1*Let X be a self distributive* $PSRU$*-algebra. Then the following statements hold.*1.*For all* $x,y,z \in X$ *if* $x \leq y$*, then* $z \ast x \leq z \ast y$*.*2.*For all* $x,y,z \in X$ *if* $z \leq x$*, then* $(y \ast z) \leq (z \ast x) \ast (y \ast x)$*.* Proof1. Let $x,y,z \in X$ such that $x \leq y$. Then $x \ast y = 1$. Since $(z \ast x) \ast (z \ast y) = z \ast (x \ast y) = z \ast 1 = 1$, we have $z \ast x \leq z \ast y$.2. Let $x,y,z \in X$ such that $z \leq x$. Then $z \ast x = 1$. Consider,$$\begin{array}{rcl}
{(y \ast z) \ast \left\lbrack (z \ast x) \ast (y \ast x) \right\rbrack} & = & {(z \ast x) \ast \left\lbrack (y \ast z) \ast (y \ast x) \right\rbrack} \\
 & = & {(z \ast x) \ast \left\lbrack y \ast (z \ast x) \right\rbrack} \\
 & = & {(z \ast x) \ast (y \ast 1)} \\
 & = & {1.} \\
\end{array}$$ By Equation [(11)](#fm0110){ref-type="disp-formula"}, $(y \ast z) \leq (z \ast x) \ast (y \ast x)$.

By [Lemma 1](#en0180){ref-type="statement"}, we have the following.

Proposition 2*Let X be a self distributive* $PSRU$*-algebra with left identity. For all* $a,x,y,x_{i},y_{i} \in X$ *if*$$x \leq y \ast a,$$$$x_{n} \leq x_{n - 1} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast x)\ldots),$$$$y_{n} \leq y_{n - 1} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast y)\ldots),$$ *then* $y_{n} \leq y_{n - 1} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)))\ldots)$*.*

ProofLet $a,x,y,x_{i},y_{i} \in X$ such that $x \leq y \ast a$. By [Lemma 1](#en0180){ref-type="statement"}(1), $x_{1} \ast x \leq x_{1} \ast (y \ast a)$. Repeating the process we have $x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast x)\ldots) \leq x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast (y \ast a))\ldots)$. By Equations [(12)](#fm0120){ref-type="disp-formula"}, [(13)](#fm0130){ref-type="disp-formula"} and [(14)](#fm0140){ref-type="disp-formula"},$$\begin{array}{rcl}
{x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast (y \ast a))\ldots)} & = & {1 \ast \left\lbrack x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast (y \ast a))\ldots) \right\rbrack} \\
 & = & {\left\lbrack x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast x)\ldots) \right\rbrack \ast} \\
 & & \left\lbrack x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast (y \ast a))\ldots) \right\rbrack \\
 & = & {1.} \\
\end{array}$$ By Equation [(15)](#fm0150){ref-type="disp-formula"}, $x_{n} \leq ( \ast \ldots \ast x_{2} \ast (x_{1} \ast (y \ast a))\ldots)$. Since *X* is a $PSRU$-algebra, we have $y \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)) = 1$. Thus $y \leq x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)$. Then by [Lemma 1](#en0180){ref-type="statement"}(1), $y_{1} \ast y \leq y_{1} \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots))$. Repeating the process we have $y_{n} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast y)\ldots) \leq y_{n} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)))\ldots)$. Clearly, $y_{n} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)))\ldots) = 1$. Hence $y_{n} \leq y_{n - 1} \ast ( \ast \ldots \ast y_{2} \ast (y_{1} \ast (x_{n} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast a)\ldots)))\ldots)$.

The following three theorems give the self distributive $PSRU$-algebra properties of filters.

Theorem 2*Let X be a self distributive* $PSRU$*-algebra with left identity and* $n \in \mathbf{Z}^{+}$*. Then* $U^{n}(x,y)$ *is a filter of X for all* $x,y \in X$*.*

ProofClearly, $1 \in U^{n}(x,y)$ for all $x,y \in X$. Let $a,a \ast b \in U^{n}(x,y)$. Then $x^{n} \ast (y \ast a) = 1$ and $x^{n} \ast (y \ast (a \ast b)) = 1$. By assumption,$$\begin{array}{rcl}
{x^{n} \ast (y \ast b)} & = & {1 \ast \left\lbrack x^{n} \ast (y \ast b) \right\rbrack} \\
 & = & {\left\lbrack x^{n} \ast (y \ast a) \right\rbrack \ast \left\lbrack x^{n} \ast (y \ast b) \right\rbrack} \\
 & = & {x^{n} \ast \left\lbrack (y \ast a) \ast (y \ast b) \right\rbrack} \\
 & = & {x^{n} \ast \left\lbrack y \ast (a \ast b) \right\rbrack} \\
 & = & {1.} \\
\end{array}$$ By Equation [(16)](#fm0160){ref-type="disp-formula"}, $b \in U^{n}(x,y)$ and hence $U^{n}(x,y)$ is a filter of *X*.

By induction we easily obtain.

Corollary 3*Let X be a self distributive* $PSRU$*-algebra with left identity. Then* $U(x,y)$ *is a filter of X for all* $x,y \in X$*.*

We give the definition of an initial section (generalized initial section) of $x \in X$ in a $PSRU$-algebra.

Definition 4Let *X* be a $PSRU$-algebra and let $x \in X$. Define$$U(x): = \{ y \in X:x \ast y = 1\}$$$$\left( U^{n}(x): = \{ z \in X:x^{n} \ast y = 1\} \right).$$ We call $U(x)\left( U^{n}(x) \right)$ an **initial section (generalized initial section)** of *x*.

Remark 3Let *X* be a $PSRU$-algebra and let $x \in X$. By Equations [(17)](#fm0170){ref-type="disp-formula"} and [(18)](#fm0180){ref-type="disp-formula"}, respectively, it is easy to see that $1 \in U(x)$ and $1 \in U^{n}(x)$.

Proposition 3*Let X be a* $PSRU$*-algebra and* $n \in \mathbf{Z}^{+}$*. If F is a filter of X, then* $U^{n}(x) \subseteq F$ *for all* $x \in F$*.*

ProofSuppose that *F* is a filter of *X* and $x \in F$. Let $a \in U^{n}(x)$. Then $x^{n} \ast a = 1 \in F$. Since $x \in F$, we have $a \in F$. Hence $U^{n}(x) \subseteq F$.

By [Proposition 3](#en0270){ref-type="statement"}, we have the following.

Corollary 4*Let X be a* $PSRU$*-algebra. If F is a filter of X, then* $U(x) \subseteq F$ *for all* $x \in F$*.*

ProofSimilar to the proof of [Proposition 3](#en0270){ref-type="statement"}.

Theorem 3*Let X be a self distributive* $PSRU$*-algebra with left identity and* $n \in \mathbf{Z}^{+}$*. Then* $U^{n}(x)$ *is a filter of X for all* $x \in X$*.*

ProofClearly, $1 \in U^{n}(x)$ for all $x \in X$. Let $a,a \ast b \in U^{n}(x)$. Then $x^{n} \ast a = 1$ and $x^{n} \ast (a \ast b) = 1$. By assumption,$$\begin{array}{rcl}
{x^{n} \ast b} & = & {1 \ast (x^{n} \ast b)} \\
 & = & {(x^{n} \ast a) \ast (x^{n} \ast b)} \\
 & = & {x^{n} \ast (a \ast b)} \\
 & = & {1.} \\
\end{array}$$ By Equation [(19)](#fm0190){ref-type="disp-formula"}, $b \in U^{n}(x)$ and hence $U^{n}(x)$ is a filter of *X*.

By [Theorem 3](#en0310){ref-type="statement"}, we have the following.

Corollary 5*Let X be a self distributive* $PSRU$*-algebra with left identity. Then* $U(x)$ *is a filter of X for all* $x \in X$*.*

ProofThe proof is straightforward.

Theorem 4*Let F be a filter of a self distributive* $PSRU$*-algebra with left identity X and* $x \in X$*. If* $F_{x}: = \left\{ y \in X:x \ast y \in F \right\}$*, then* $F_{x}$ *is a filter of X containing F.*

ProofSince $x \ast 1 = 1 \in F$, we have $1 \in F_{x}$. Let $a,a \ast b \in F_{x}$. Then $x \ast a,x \ast (a \ast b) \in F$. By assumption, $x \ast (a \ast b) = (x \ast a) \ast (x \ast b)$. Thus $x \ast b \in F$ and hence $b \in F_{x}$. This implies that *F* is a filter of *X*.

There are no hidden difficulties to prove it and hence we omit its proof.

Theorem 5*Let X be a* $PSRU$*-algebra. If* $F_{\alpha}$ *is a filter of X for all* $\alpha \in \beta$*, then* $\bigcap\limits_{\alpha \in \beta}F_{\alpha}$ *is a filter of X.*

2.2. Ideals of $PSRU$-algebras {#se0040}
------------------------------

In this section, the notion of ideals is introduced in $PSRU$-algebras. Some properties of these ideals are studied. Especially we discuss relations between left ideals and filters.

Definition 5Let $(X; \ast ,1)$ be a $PSRU$-algebra. A non empty subset *I* of *X* is called a **left ideal (right ideal)** if $x \ast a \in I$ for all $x \in X$ and $a \in I$ ($(a \ast (b \ast x)) \ast x \in I$ for all $x \in X$ and $a,b \in I$). A non empty subset *I* of *X* is called an **ideal** if it is both a left and a right ideal of *X*.

Example 5In [Example 1](#en0020){ref-type="statement"}, $\{ 1,b\}$ is an ideal of a $PSRU$-algebra $(X; \ast ,1)$, but $\{ 1,c\}$ is not an ideal of *X*, since $c \ast c = d \notin \{ 1,c\}$.

Lemma 2*Every right ideal of a* $PSRU$*-algebra* $(X; \ast ,1)$ *contains* 1*.*

ProofLet *I* be a right ideal of *X*. Since $I \neq \varnothing$, there exists $a \in I$. Clearly, $1 = (a \ast (a \ast 1)) \ast 1 \in I$.

By [Lemma 2](#en0400){ref-type="statement"}, we have the following.

Lemma 3*Let X be a* $PSRU$*-algebra with left identity. If* $x \in X$ *and* $a \in I$*, then* $(a \ast x) \ast x \in I$*.*

ProofLet $x \in X$ and $a \in I$. By [Lemma 2](#en0400){ref-type="statement"}, $(a \ast x) \ast x = (1 \ast (a \ast x)) \ast x \in I$.

By [Lemma 3](#en0420){ref-type="statement"}, we have the following.

Lemma 4*Let X be a* $PSRU$*-algebra with left identity. If* $x \in X,a \in I$ *such that* $a \leq x$*, then* $x \in I$*.*

ProofLet $x \in X$ and $a \in I$ such that $a \leq x$. Then $a \ast x = 1$. By [Lemma 3](#en0420){ref-type="statement"}, $x = 1 \ast x = (a \ast x) \ast x \in I$.

Proposition 4*Let I be an ideal of a* $PSRU$*-algebra with left identity X such that* $x \ast (y \ast z) \in I$ *and* $y \in I$ *imply* $x \ast z \in I$ *for all* $x,y,z \in X$*. If* $a \in I$ *such that* $a \leq x$*, then* $x \in I$*.*

ProofLet $x \in X$ and $a \in I$ such that $a \leq x$. Then $a \ast x = 1$. Clearly, $1 \ast (a \ast x) = 1 \ast 1 = 1 \in I$. By assumption, $1 = 1 \ast x \in I$.

Proposition 5*Let X be a* $PSRU$*-algebra with left identity. If I is a right ideal of X, then* $U(x,y) \subseteq I$ *for all* $x,y \in X$*.*

ProofSuppose that *I* is a right ideal of *X* and $x,y \in X$. Let $a \in U(x,y)$. Then $x \ast (y \ast a) = 1$. Clearly, $a = 1 \ast a = \left\lbrack x \ast (y \ast a) \right\rbrack \ast a \in I$. Hence $U(x,y) \subseteq I$.

The following three theorems give the self distributive $PSRU$-algebra properties of left ideals.

Theorem 6*Let X be a self distributive* $PSRU$*-algebra and* $n \in \mathbf{Z}^{+}$*. Then* $U^{n}(x,y)$ *is a left ideal of X for all* $x,y \in X$*.*

ProofLet $r \in X$ and $a \in U^{n}(x,y)$. Then $x^{n} \ast (y \ast a) = 1$. By assumption,$$\begin{array}{rcl}
{x^{n} \ast \left\lbrack y \ast (r \ast a) \right\rbrack} & = & {x^{n} \ast \left\lbrack (y \ast r) \ast (y \ast a) \right\rbrack} \\
 & = & {x^{n - 1} \ast \left( x \ast \left\lbrack (y \ast r) \ast (y \ast a) \right\rbrack \right)} \\
 & = & {x^{n - 1} \ast \left\lbrack (x \ast (y \ast r)) \ast (x \ast (y \ast a)) \right\rbrack} \\
 & & \vdots \\
 & = & {\left\lbrack x^{n} \ast (y \ast r) \right\rbrack \ast \left\lbrack x^{n} \ast (y \ast a) \right\rbrack} \\
 & = & {\left\lbrack x^{n} \ast (y \ast r) \right\rbrack \ast 1} \\
 & = & {1.} \\
\end{array}$$ By Equation [(20)](#fm0200){ref-type="disp-formula"}, $U^{n}(x,y)$ is a left ideal of *X*.

By [Theorem 6](#en0500){ref-type="statement"}, we have the following.

Corollary 6*Let X be a self distributive* $PSRU$*-algebra. Then* $U(x,y)$ *is a left ideal of X for all* $x,y \in X$*.*

ProofThe proof is straightforward.

Theorem 7*Let X be a self distributive* $PSRU$*-algebra and* $n \in \mathbf{Z}^{+}$*. Then* $U^{n}(x)$ *is a left ideal of X for all* $x \in X$*.*

ProofLet $r \in X$ and $a \in U^{n}(x)$. Then $x^{n} \ast a = 1$. By assumption,$$\begin{array}{rcl}
{x^{n} \ast (r \ast a)} & = & {x^{n - 1} \ast \left\lbrack x \ast (r \ast a) \right\rbrack} \\
 & = & {x^{n - 1} \ast \left\lbrack (x \ast r) \ast (x \ast a) \right\rbrack} \\
 & & \vdots \\
 & = & {(x^{n} \ast r) \ast (x^{n} \ast a)} \\
 & = & {(x^{n} \ast r) \ast 1} \\
 & = & {1.} \\
\end{array}$$ By Equation [(21)](#fm0210){ref-type="disp-formula"}, $U^{n}(x)$ is a left ideal of *X*.

By [Theorem 7](#en0540){ref-type="statement"}, we have the following.

Corollary 7*Let X be a self distributive* $PSRU$*-algebra. Then* $U(x)$ *is a left ideal of X for all* $x \in X$*.*

ProofThe proof is straightforward.

Let $(X; \ast ,1)$ be a $PSRU$-algebra. An element 1 of *X* is a **zero element** of *X* if $1 \ast x = 1$ for all $x \in X$. In [Example 1](#en0020){ref-type="statement"}, 1 is a zero element of *X*.

Lemma 5*Every left ideal of a* $PSRU$*-algebra with zero* $(X; \ast ,1)$ *contains* 1*.*

ProofLet *I* be a left ideal of *X*. Since $I \neq \varnothing$, there exists $a \in I$. Clearly, $1 = 1 \ast a \in I$.

By [Lemma 5](#en0580){ref-type="statement"}, we have the following.

Theorem 8*Every filter is an ideal of a* $PSRU$*-algebra with zero X.*

ProofLet *F* be a filter of *X* and $a,b \in F,r \in X$. Then by [Lemma 5](#en0580){ref-type="statement"}, $1 \ast (r \ast x) = 1,1 \ast \left\lbrack (a \ast (b \ast r)) \ast r \right\rbrack = 1 \in F$. By assumption, $r \ast x,(a \ast (b \ast r)) \ast r \in F$. Hence *F* is an ideal of *X*.

We conclude this section with the following theorem.

Theorem 9*Let I be a left ideal of a* $PSRU$*-algebra X and* $x \in X$*. If* $I_{x}: = \left\{ y \in X:x \ast y \in I \right\}$*, then* $I_{x}$ *is a left ideal of X.*

ProofLet $x \in X$ and $a \in I$. By [Definition 5](#en0380){ref-type="statement"}, $x \ast a \in I$ then our hypothesis implies $a \in I_{x}$. Hence $I \subseteq I_{x}$. To show that $I_{x}$ is a left ideal of *X*. Let $r \in X$ and $a \in I_{x}$. Then $x \ast a \in I$. By assumption, $x \ast (r \ast a) = r \ast (x \ast a) \in I$. This implies that $r \ast a \in I_{x}$. Thus $I_{x}$ is a left ideal of *X*.

2.3. Fuzzy filters of $PSRU$-algebras {#se0050}
-------------------------------------

In 2013, Dymek and Walendziak [@br0080] introduced concepts of fuzzy filters of *BE*-algebras. In this section we discuss these concepts of $PSRU$-algebras and next study some of its elementary properties.

Definition 6Let $(X; \ast ,1)$ be a $PSRU$-algebra. A fuzzy subset *μ* of *X* is called a **fuzzy filter** if it satisfies:$$\mu(1) \geq \mu(x),$$$$\mu(x) \geq \mu(y \ast x) \land \mu(y),$$ for all $x,y \in X$.

Example 61. Let *X* be the $PSRU$-algebra from [Example 3](#en0060){ref-type="statement"}(1). Define a fuzzy subset *μ* of *X* by$$\mu(x) = \begin{cases}
{0.9\ } & {;x \in \left\{ 1 \right\}} \\
{0.2\ } & {\text{;\ otherwise}.} \\
\end{cases}$$ By Equations [(22)](#fm0220){ref-type="disp-formula"}, [(23)](#fm0230){ref-type="disp-formula"} and [(24)](#fm0240){ref-type="disp-formula"}, it is easily checked that *μ* is a fuzzy filter of *X*.2. Let *X* be the $PSRU$-algebra from [Example 1](#en0020){ref-type="statement"}. Define a fuzzy subset *μ* of *X* by$$\mu(x) = \begin{cases}
{0.9\ } & {;x \in \left\{ 1 \right\}} \\
{0.2\ } & {\text{;\ otherwise}.} \\
\end{cases}$$ By Equations [(22)](#fm0220){ref-type="disp-formula"}, [(23)](#fm0230){ref-type="disp-formula"} and [(25)](#fm0250){ref-type="disp-formula"}, *μ* is not a fuzzy filter of *X*, since $\mu(c) = 0.2 \ngeq 0.9 = \mu(1) \land \mu(1) = \mu(1 \ast c) \land \mu(1)$.

Lemma 6*Let μ be a fuzzy filter of* $PSRU$*-algebra X. Then the following statements hold.*1.*For any* $x,y \in X$ *if* $x \leq y$*, then* $\mu(x) \leq \mu(y)$*.*2.*For any* $x,y \in X$ *if* $\mu(x \ast y) = \mu(1)$*, then* $\mu(x) \leq \mu(y)$*.* Proof1. Let $x,y \in X$. Since $x \leq y$, we have $x \ast y = 1$. By assumption, $\mu(y) \geq \mu(x \ast y) \land \mu(x) = \mu(1) \land \mu(x) = \mu(x)$.2. Let $x,y \in X$. By assumption, $\mu(y) \geq \mu(x \ast y) \land \mu(x) = \mu(1) \land \mu(x) = \mu(x)$ This completes the proof.

Theorem 10*Let X be a* $PSRU$*-algebra and let μ be a fuzzy filter of X. For any* $x,y,z \in X$ *if* $x \leq y \ast z$*, then* $\mu(z) \geq \mu(x) \land \mu(y)$*.*

ProofLet $x,y,z \in X$ such that $x \leq y \ast z$. Then $x \ast (y \ast z) = 1$. By assumption,$$\begin{array}{rcl}
{\mu(y \ast z)} & \geq & {\mu(x \ast (y \ast z)) \land \mu(x)} \\
 & = & {\mu(1) \land \mu(x)} \\
 & = & {\mu(x).} \\
\end{array}$$ By Equation [(26)](#fm0260){ref-type="disp-formula"}, $\mu(z) \geq \mu(y \ast z) \land \mu(y) \geq \mu(x) \land \mu(y)$.

By [Theorem 10](#en0720){ref-type="statement"}, we have the following.

Corollary 8*Let X be a* $PSRU$*-algebra and let μ be a fuzzy filter of X. For any* $x,x_{i} \in X$ *if* $x_{n} \leq x_{n - 1} \ast ( \ast \ldots \ast x_{2} \ast (x_{1} \ast x)\ldots)$*, then* $\mu(x) \geq \bigwedge\limits_{i = 1}^{n}\mu(x_{i})$*.*

ProofSimilar to the proof of [Theorem 10](#en0720){ref-type="statement"}.

Theorem 11*Let X be a* $PSRU$*-algebra and let μ be a fuzzy filter of X. For any* $x,y,z \in X$ *if* $x \leq y \ast z$*, then* $\mu(z) \geq \mu(x) \land \mu(y)$*.*

ProofLet $x,y,z \in X$ such that $x \leq y \ast z$. Then $x \ast (y \ast z) = 1$. By assumption,$$\begin{array}{rcl}
{\mu(y \ast z)} & \geq & {\mu(x \ast (y \ast z)) \land \mu(x)} \\
 & = & {\mu(1) \land \mu(x)} \\
 & = & {\mu(x).} \\
\end{array}$$ By Equation [(27)](#fm0270){ref-type="disp-formula"}, $\mu(z) \geq \mu(y \ast z) \land \mu(y) \geq \mu(x) \land \mu(y)$.

Now, we characterize fuzzy filters of $PSRU$-algebras.

Theorem 12*Let X be a* $PSRU$*-algebra with left identity. Then the following conditions are equivalent.*1.*μ is a fuzzy filter of X.*2.*For all* $x,y,z \in X$*,*$$\mu(1) \geq \mu(x),$$$$\mu(y \ast z) \geq \mu(x \ast (y \ast z)) \land \mu(y).$$ Proof$(1\Rightarrow 2)$ Obvious.$(2\Rightarrow 1)$ Let $x,y \in X$. By Equations [(28)](#fm0280){ref-type="disp-formula"} and [(29)](#fm0290){ref-type="disp-formula"}, $\mu(z) = \mu(1 \ast z) \geq \mu(x \ast (1 \ast z)) \land \mu(y) = \mu(x \ast z) \land \mu(y)$. Hence *μ* is a fuzzy filter of *X*.

Let *μ* be a fuzzy subset in a $PSRU$-algebra *X*. For any $t \in \lbrack 0,1\rbrack$, a set $\mathcal{U}(\mu,t) = :\left\{ x \in X:\mu(x) \geq t \right\}$ is called a **level subset** of *μ*.

Theorem 13*Let X be a* $PSRU$*-algebra. Then the following conditions are equivalent.*1.*μ is a fuzzy filter of X.*2.*A non empty level subset* $\mathcal{U}(\mu,t)$ *is a filter of X for all* $t \in \lbrack 0,1\rbrack$*.*

Proof$(1\Rightarrow 2)$ Let $x \in X$ and $t \in \lbrack 0,1\rbrack$. Clearly, $x \ast (x \ast 1) = 1$. Then $x \leq x \ast 1$. By [Theorem 11](#en0680){ref-type="statement"}, $\mu(1) \geq \mu(x) \land \mu(1) = \mu(x)$. Since $\mathcal{U}(\mu,t) \neq \varnothing$, there exists an element $y \in \mathcal{U}(\mu,t)$. This implies that $\mu(1) \geq \mu(y) \geq t$. Thus $1 \in \mathcal{U}(\mu,t)$. For any $a,a \ast b \in \mathcal{U}(\mu,t),\mu(a) \geq t$ and $\mu(a \ast b) \geq t$. Since *μ* is a fuzzy filter of *X*, we have $\mu(b) \geq \mu(a \ast b) \land \mu(a) \geq t$. Therefore $b \in \mathcal{U}(\mu,t)$ and hence $\mathcal{U}(\mu,t)$ is a filter of *X*.$(2\Rightarrow 1)$ Clearly, $1 \in \mathcal{U}(\mu,\mu(x))$ for all $x \in X$. Then $\mu(1) \geq \mu(x)$ for all $x \in X$. Suppose that *μ* is not a fuzzy filter of *X*. This implies that there exists an element $a,b \in X$ such that $\mu(b) \leq \mu(a \ast b) \land \mu(a)$. It is easy to see that $0 \leq \frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack \leq 1$. Consider,$$\begin{array}{rcl}
{\frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack} & \leq & {\frac{1}{2}\left\lbrack \mu(a \ast b) \land \mu(a) + \mu(a \ast b) \land \mu(a) \right\rbrack} \\
 & = & {\mu(a \ast b) \land \mu(a)} \\
 & \leq & {\mu(a \ast b)} \\
\end{array}$$ and $\frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack \leq \mu(a)$. This implies that$$a,a \ast b \in \mathcal{U}\left( \mu,\frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack \right).$$ Since $\mathcal{U}\left( \mu,\frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack \right)$ is a filter of *X*, we have$$b \in \mathcal{U}\left( \mu,\frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack \right).$$ Thus by Equations [(30)](#fm0300){ref-type="disp-formula"}, [(31)](#fm0310){ref-type="disp-formula"} and [(32)](#fm0320){ref-type="disp-formula"}, $\mu(b) \geq \frac{1}{2}\left\lbrack \mu(b) + \mu(a \ast b) \land \mu(a) \right\rbrack$. This is a contradiction. Hence *μ* is a fuzzy filter of *X*.

By [Theorem 13](#en0760){ref-type="statement"}, we have the following.

Corollary 9*If μ is a fuzzy filter of a* $PSRU$*-algebra X, then*$$A_{\mu}: = \left\{ x \in X:\mu(x) = \mu(1) \right\}$$ *is a filter of X.*

ProofBy Equation [(33)](#fm0330){ref-type="disp-formula"}, similar to the proof of [Theorem 13](#en0760){ref-type="statement"}.

We conclude this section with the following theorem.

Theorem 14*Let* $F_{1} \subseteq F_{2} \subseteq \ldots$ *be a strictly ascending sequence of filters of a* $PSRU$*-algebra X and let* $(a_{n})$ *be a strictly decreasing sequence in* $(0,1)$*. If μ is a fuzzy subset of X defined by*$$\mu(x) = \begin{cases}
{0\ } & {;x \notin F_{n}\ \mathit{for\ all}\ n \in \mathbf{Z}^{+}} \\
{a_{n}\ } & {;x \in F_{n} - F_{n - 1}\ \mathit{for\ all}\ n \in \mathbf{Z}^{+}} \\
\end{cases}$$ *where* $F_{0} = \varnothing$*, then μ is a fuzzy filter of X.*

ProofSince $F_{1} \subseteq F_{2} \subseteq \ldots$ is a strictly ascending sequence of filters of *X*, we have $\bigcup\limits_{i \in \mathbf{Z}^{+}}F_{i}$ is a filter of *X*. By Equation [(34)](#fm0340){ref-type="disp-formula"}, $\mu(1) = a_{1} \geq \mu(x)$ for all $x \in X$. Let $x,y \in X$. If $y \notin \bigcup\limits_{i \in \mathbf{Z}^{+}}F_{i}$, then $x \ast y \notin \bigcup\limits_{i \in \mathbf{Z}^{+}}F_{i}$ or $x \notin \bigcup\limits_{i \in \mathbf{Z}^{+}}F_{i}$, since $\bigcup\limits_{i \in \mathbf{Z}^{+}}F_{i}$ is a filter. Thus $\mu(y) = 0 = \mu(x \ast y) \land \mu(x)$. Assume that $y \in F_{n} - F_{n - 1}$ for some $n \in \mathbf{Z}^{+}$. By assumption, $x \ast y \notin F_{n - 1}$ or $x \notin F_{n - 1}$. Then $\mu(x \ast y) \leq a_{n}$ or $\mu(x) \leq a_{n}$. Therefore $\mu(y) = a_{n} \geq \mu(x \ast y) \land \mu(x)$ and hence *μ* is a fuzzy filter of *X*.

3. Conclusion {#se0060}
=============

$PSRU$-algebra is a type of logical algebra like *BE*-algebras. A $PSRU$-algebra is a another generalization of *BE*-algebras. In this note, we have introduced the concept of filters, left ideals (right ideal, ideal) and fuzzy filters in $PSRU$-algebras. Moreover, we investigate relationships between left ideals and filters in $PSRU$-algebras. Furthermore, we characterize filters in terms of fuzzy filters. It is shown that if *I* be a left ideal of a $PSRU$-algebra *X*, then $I_{x}$ is a left ideal of *X* for all $x \in X$. In future we will study the following topics: We will get more results in $PSRU$-algebras and application.
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